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Abstract. In this paper, the shadows cast by Einstein-Maxwell-Dilaton-Axion black hole
and naked singularity are studied. The shadow of a rotating black hole is found to be a
dark zone covered by a deformed circle. For a fixed value of the spin a, the size of the
shadow decreases with the dilaton parameter b. The distortion of the shadow monotonically
increases with b and takes its maximal when the black hole approaches to the extremal case.
Due to the optical properties, the area of the black hole shadow is supposed to equal to
the high-energy absorption cross section. Based on this assumption, the energy emission
rate is investigated. For a naked singularity, the shadow has a dark arc and a dark spot or
straight, and the corresponding observables are obtained. These results show that there is
a significant effect of the spin a and dilaton parameter b on these shadows. Moreover, we
examine the observables of the shadow cast by the supermassive black hole at the center of
the Milky Way, which is very useful for us to probe the nature of the black hole through the
astronomical observations in the near future.
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1 Introduction
It is widely believed that there exist supermassive black holes in the centers of many galaxies.
Due to the rotation of galaxies, these black hole are generally thought to possess a spin
parameter. Then, there is a great interest to probe the nature of the black holes, i.e., the
mass and spin of them.
In general, the mass of a black hole can be estimated with the Newtonian orbital motion
of the stars surrounding the black hole [1]. And the black hole spin can be measured with
the methods based on the thermal continuum emission of accretion disks and relativistically
broadened iron lines [2]. These two techniques using X-ray measurements have been widely
applied to different sources. However, for sources such as Sgr A∗, the two techniques are
not applicable. Then an alternate method may be the observation of black hole shadows.
Black hole shadow is the optical appearance casted by a black hole in the sky. And near
the shadow, the strong gravitational lensing may be very obvious. For an example, there
will be a large Einstein ring and two infinite series of concentric relativistic Einstein rings
near a nonrotating black hole, and only one or two bright images for a rotating black hole.
These are corresponded to the strong gravitational lensing, which is well studied when the
photon passes near the photon sphere of a black hole [3–14]. Compared with relativistic
images, the shadow of a black hole is a two-dimensional dark zone seen from the observer,
so it can be easily observed. For a nonrotating black hole, its shadow is a perfect circle.
While for the rotating case, it has an elongated shape in the direction of the rotation axis
due to the dragging effect [15, 16]. And this subject has been studied in the last few years
[17–22] because that the observations may be obtained in the near future [23]. Therefore,
the investigation of the shadow is very useful for measuring the nature of the black hole.
Optical properties and apparent shape of the rotating black holes have been investigated
in Refs. [24, 25]. In Ref. [25], the authors studied the optical phenomena in a braneworld
Kerr black hole, and then applied to Sgr A∗ supermassive black hole located at the center of
the Milky Way. Through constructing the observables, the shadow of a Kerr black hole or
a Kerr naked singularity was examined in Ref. [26]. The authors analyzed the effect of the
spin parameter and inclination angle on the apparent shape of the shadow, and suggested
that the spin parameter and inclination angle of a Kerr black hole or a naked singularity can
be determined from the observation. This was also extended to the rotating black hole in
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extended Chern-Simons modified gravity [27], the rotating braneworld black hole [28], the
multi-Black Holes [29], and as well as to the Kaluza-Klein rotating dilaton black hole [30]
and the rotating traversable wormholes or black holes [31]. These results show that, beside
the spin, other parameters (i.e, coupling constant and tidal charge) also affect the shadow
of a black hole. So, the observation of shadow also provides a possible way to probe the
parameters of a black hole.
In this paper, with the observables proposed in [26], we will study the apparent shape
of the shadow for the Einstein-Maxwell-Dilaton-Axion (EMDA) black hole and naked singu-
larity [32], respectively. For an example, we assume that, near the supermassive black hole
Sgr A∗, the spacetime can be described by the EMDA black hole metric, and far away from
it, the spacetime is flat as we expect. This means that the influence of the black hole is local.
However, the photon emitted from the vicinity of the black hole carries the information of it,
which can be tested at infinity. Under this assumption, the observables and angular radius
are obtained. The results show that, the resolution of 1 µas will be enough to extract the
information of the dilaton parameter b from further observations, while for the spin a, the
resolution of less than 1 µas is needed. These are wished to be observed using the very-long
baseline interferometry (VLBI) in the near future [33, 34].
The paper is structured as follows. In Sec. 2, we give a brief review of the null geodesics
for the EMDA black hole. In Sec. 3, the circular photon orbits are studied. In Sec. 4, we
investigate apparent shape of the shadow cast by the EMDA black hole and the corresponding
observalbes are obtained. The energy emission rate is studied through the observalbes. The
shadow for a naked singularity is examined in Sec. 5. In the final section, we discuss these
results and apply to the supermassive black hole at the center of the Milky Way.
2 Null geodesics
The EMDA black hole is described by the following action,
S =
∫
d4x
√−g(R− 2∂µϕ∂µϕ− 1
2
e4φ∂µκ∂
µκ− e−2φFµνFµν − κFµν Fˇµν), (2.1)
where R is the scalar Riemann curvature, Fµν is the electromagnetic antisymmetric tensor
field with Fˇµν its dual. ϕ and κ are the dilaton scalar field and axion field, respectively. From
this action, the EMDA black hole can be obtained [32]:
ds2 = −∆− a
2 sin2 θ
Σ
dt2 − 2a sin
2 θ(Ξ−∆)
Σ
dtdφ+
Σ
∆
dr2 +Σdθ2
+
Ξ2 −∆a2 sin2 θ
Σ
sin2 θdφ2, (2.2)
with the metric functions given by
Σ = r2 + 2br + a2 cos2 θ, (2.3)
∆ = r2 − 2Mr + a2, (2.4)
Ξ = r2 + 2br + a2. (2.5)
The parameters a and b represent the spin and dilaton parameters per unit mass of the black
hole, respectively. The ADM mass of the black hole is MADM = M + b. When b = 0, this
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Figure 1. The range space of the parameters a and b describing a black hole and a naked singularity.
metric will reduce to the Kerr black hole. The horizons are determined by the equation
∆ = 0, in terms of the ADM mass,
r± = (MADM − b)±
√
(MADM − b)2 − a2. (2.6)
Here, r+ denotes the outer horizon and r− the inner horizon. It is clear that this solution
describes a nonextremal black hole for r+ > r−. When r+ = r−, one will obtain an extremal
black hole. And a naked singularity will appear when r− > r+. We show in Fig. 1 the range
space of the parameters a and b describing a black hole and a naked singularity. In what
follows, for simplicity, we adimensionalize all quantities with the ADM mass of the black
hole, which is equivalent to put MADM = 1 (or M = 1− b) in all equations.
In general, there are two cases when a photon passes a black hole from infinity. The
first case is for the photon with large orbital angular momentum. It will turn back at some
turning points and be observed by the observer located at infinity. While the photon with
small orbital angular momentum will fall into the black hole without reaching the observer.
Thus, there exists a dark zone in the sky called the shadow, which boundary is determined
by the two cases. Through studying the geodesic of a photon in the black hole background,
one is allowed to obtain the apparent shape of the shadow.
The geodesic for this black hole is determined by the following Hamilton-Jacobi equation
∂S
∂λ
= −1
2
gµν
∂S
∂xµ
∂S
∂xν
, (2.7)
where λ is an affine parameter along the geodesics, and S is the Jacobi action. For this black
hole background (2.2), the Jacobi action S can be separated as
S =
1
2
m2λ− Et+ L+ Sr(r) + Sθ(θ), (2.8)
where Sr and Sθ are functions of r and θ, respectively. The constants m, E, and L are,
respectively, the particle’s mass, energy and angular momentum with respect to the rotation
axis. For the photon, we have m2 = 0. Plunging (2.8) into (2.7), we can obtain the null
geodesics for a photon,
Σ
dt
dλ
=
(a2 + 2br + r2)(a2E − aL+ (r + 2b)Er)
∆
+ aL− a2E sin2 θ, (2.9)
Σ
dφ
dλ
=
a(a2E − aL+ E(r2 + 2br))
∆
+ L csc2 θ − aE, (2.10)
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Σ
dr
dλ
= ±
√
R, (2.11)
Σ
dθ
dλ
= ±
√
Θ, (2.12)
where
R = −∆(K + (L− aE)2) + (a2E − aL+ (r + 2b)Er)2, (2.13)
Θ = K + cos2 θ(a2E2 − L
2
sin2 θ
), (2.14)
with K is a constant of separation. These equations determine the propagation of light in
the spacetime of the EMDA black hole. When b = 0, it is just the null geodesic for the Kerr
black hole.
3 Circular photon orbits
In order to obtain the boundary of the shadow of the black hole, we need to study the radial
motion (2.11). First, we rewrite it as
Σ2r˙2 + Veff = 0. (3.1)
The effective potential Veff reads
Veff/E
2 = (a2 + (r + 2b)r − aξ)2 − (r2 + a2 + 2r(b− 1))(η + (ξ − a)2), (3.2)
where ξ = L/E, η = K/E2. The boundary of the shadow is mainly determined by the
circular photon orbit, which satisfies the following conditions
Veff = 0, ∂rVeff = 0. (3.3)
First, we consider the nonrotating case (a = 0), for which the solution of (3.3) is
r0 =
1
2
(3− 3b+
√
b2 − 10b+ 9). (3.4)
As expected, when b = 0, this just the photon sphere of the Schwarzschild black hole, r0 = 3.
At the same time, the parameters ξ and η satisfy
ξ2 + η =
r30 + 4br
2
0 + 4b
2r0
r0 + 2b− 2 . (3.5)
For the rotating case (a 6= 0), we have
ξ = −(r + b+ 1)a
2 + r(∆− a2 + (b− 1)(r + 2b))
a(r + b− 1) , (3.6)
η = r2
4a2(r + b)− (∆ − a2 + (b− 1)(r + 2b))2
a2(r + b− 1)2 . (3.7)
When b = 0, the result for the Kerr black hole will be obtained [26]. Through analyzing
these equations, the shadow of the EMDA black hole can be determined.
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4 Black hole shadow
In this section, we would like to study the black hole shadow, where the parameter b is limited
in the ranges b ≤ 1− a or b ≥ 1 + a.
In order to study the shadow of the EMDA black hole, we introduce the celestial coor-
dinates
α = lim
r→∞
(
− r2 sin θ0dφ
dr
∣∣∣∣
θ→θ0
)
= −ξ csc θ0, (4.1)
β = lim
r→∞
(
r2
dθ
dr
∣∣∣∣
θ→θ0
)
= ±
√
η + a2 cos2 θ0 − ξ2 cot2 θ0, (4.2)
where we have used Eqs. (2.9)-(2.12). This celestial coordinates have the same form as
that for the Kerr metric, while with different ξ and η. Here, we assume that the observer
is located at infinity with angular coordinate θ0. The coordinates α and β are the apparent
perpendicular distances of the image as seen from the axis of symmetry and from its projection
on the equatorial plane, respectively.
Supposing the observer is located in the equatorial plane of the black hole, one has
θ0 =
pi
2 . Then the celestial coordinates α and β will be of the simple form
α = −ξ, (4.3)
β = ±√η. (4.4)
Now, the photon is assumed to be parametrized by (ξ, η), which are conserved quantities
according to the null geodesics. It is clear that this new expression of α and β is independent of
φ, which is because that the EMDA black hole has the axisymmetry. Letting the parameters
(ξ, η) take all possible values, then the capture region in the parameter space (α, β) will be
obtained. This capture region is the shadow of the black hole, which in fact is the region
in the parameter space (α, β) not illuminated by the photon sources located at infinity and
distributed uniformly in all directions.
For the nonrotating case a = 0, the shadow is determined by the radius of the photon
sphere. With the help of Eq. (3.5), we can easily get
α2 + β2 =
r30 + 4br
2
0 + 4b
2r0
r0 + 2b− 2 . (4.5)
This implies that the shadow in the parameter (α, β) space is a circle with radius
√
r3
0
+4br2
0
+4b2r0
r0+2b−2
.
This case is plotted in Fig. 2(a). From it, we find, for different values of b, the radius of the
circle is different. When b = 0, the radius is 3
√
3. It is also clear that, the radius decreases
with b.
For the rotating case a 6= 0, the shadow in the parameter (α, β) space will not be a
standard circle but a deformed one, which can be found in Figs. 2(b)-2(d). These figures
share a property that, the size of the shadow reduces with the parameter b for a fixed spin a.
Moreover, when the black hole approaches the extremal case, the shadow will be distorted
more away from a circle. With the spin a increases, the shadow will shift to the right.
However, this can not be observed from astronomical observation.
In order to extract the information of an astronomical object from this shadow, one
must construct the observables, which could be directly observed from the astronomical
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Figure 2. Shadows of EMDA black hole situated at the origin of coordinates with inclination angle
θ0 = pi/2. (a) a = 0, b = −2 (full line), 0 (dashed-dotted line), 0.5 (dashed line), and 0.8 (dotted
line). (b) a = 0.5, b = −2 (full line), 0 (dashed-dotted line), 0.2 (dashed line), and 0.49 (dotted line).
(c) a = 0.8, b = −2 (full line), 0 (dashed-dotted line), 0.1 (dashed line), and 0.19 (dotted line). (d)
a = 1.2, b = −2 (full line), -1 (dashed-dotted line), -0.5 (dashed line), and -0.21 (dotted line).
observation. Here, we adopt the two observables defined in Ref. [26]. The first one is the
radius Rs, which is defined as the radius of a reference circle passing by three points: the
top position (αt, βt) of the shadow, the bottom position (αb, βb) of the shadow, and the point
(αr, 0) corresponding to the unstable retrograde circular orbit seen from an observer located
in the equatorial plane. Another observable is the distortion parameter δs defined by D/Rs.
Here, D is the difference between the endpoints of the circle and of the shadow, both of
them correspond to the prograde circular orbit and locate at the opposite side of the point
(αr, 0). Among these two observalbes, Rs measures the approximate size of the shadow, and
δs gives its deformation with respect to the reference circle. With the know of the inclination
angle θ0, and precise enough measurements of Rs and δs, one can get the values of the spin
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parameter a and dilaton parameter b adimensionalized with the ADM mass MADM of the
black hole.
From the geometry of the shadow, the observable Rs can be expressed in the form
Rs =
(αt − αr)2 + β2t
2(αr − αt) , (4.6)
where the relations αb = αt and βb = −βt are used. And the observable δs is
δs =
(α˜p − αp)
Rs
. (4.7)
(αp, 0) and (α˜p, 0) are the points where the contour of the shadow and the reference circle
cut the horizontal axis at the opposite side of (αr, 0), respectively. Consider the relation
α˜p = αr − 2Rs, the parameter δs can be further expressed as
δs = 2− Ds
Rs
, (4.8)
where Ds = αr−αp is just the diameter of the shadow along β = 0. Form Eq. (4.8), it is easy
to find that smaller Ds and larger Rs will produce large δs. If Ds = 2Rs, which corresponds
to the nonrotating case, we get δs = 0, which implies that the shadow of the nonrotating case
has no deformation as we expected. In Fig. 3(a), the observable Rs is shown as a function
of the dilaton parameter b for the nonrotating case. From it, we find that Rs decreases with
the parameter b. Since Rs measures the approximate size of the shadow, positive values of b
generate a decrease in the size of the shadow, while negative values generate an enlargement
one. After some calculations, one could obtain the results that the behavior of Rs is almost
the same for different values of spin a. The detailed behavior is listed in Table 1. It is easy
to find that, for a fixed value of b, the difference of Rs between a = 0 and a = 1.2 is of
order 10−4 ∼ 10−3, which causes a small variation in the size of the shadow. This result is
similar to the Kerr black hole case and the braneworld black hole case [26, 28, 30]. In Fig.
3(b), the observable δs is plotted as a function of the dilaton parameter b for different values
of the spin a of the black hole, i.e., a=0 (full line), 0.5 (dashed-dotted line), 0.8 (dashed
line), and 1.2 (dotted line). We find that for different parameter b, δs always keeps null for
a = 0 (nonrotating case), which means the contour of the shadow is a perfect circle with no
deformation. For other values of the spin a, it is a monotonically increasing curve and the
distortion δs takes its maximal when the black hole approaches to the extremal case. The
shadow of the black hole will approach to its reference circle when b gets more negative. For
a fixed dilaton parameter b, the distortion of the shadow increases with the spin a. The
contour curves of constant Rs and δs in the plane (a, b) are plotted in Fig. 4. From it, we
see that the contour curves of constant Rs are almost horizontal lines. And each point is
characterized by four values, i.e, a, b, Rs, and δs. If fixing Rs and δs from observations,
then we are allowed to directly read out the spin a and dilaton parameter b of the black hole
through the point in the Fig. 4, where the contour curves of constant Rs and δs intersect.
Here, we would like to give a brief summary for the black hole shadow. For a fixed value
of spin a, the presence of a positive (negative) dilaton parameter leads to a larger (smaller)
shadow and a less (more) distorted shadow than that of the Kerr black hole. For a fixed value
of the dilaton parameter b, the shadow is almost the same. And there is a more distorted
shadow when the black hole approaches an extremal one.
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Figure 3. Behaviors of observables Rs and δs as function of the parameter b. (a) a=0. (b) a=0 (full
line), 0.5 (dashed-dotted line), 0.8 (dashed line), and 1.2 (dotted line).
a b=-2 b=-1.5 b=-1.0 b=-0.5 b=0 b=0.5
0 7.81634 7.26452 6.66038 5.98380 5.19615 4.19960
0.5 7.81635 7.26453 6.66041 5.98388 5.19648 4.20245
0.8 7.81637 7.26459 6.66055 5.98426 5.19792 · · ·
1.2 7.81650 7.26485 6.66112 5.98577 · · · · · ·
Table 1. Observable Rs for different values of the dilaton paramere b and spin a of the shadow for
the EMDA black hole situated at the origin of coordinates with the inclination angle θ0 =
pi
2 .
On the other hand, we conjecture that the black hole shadow corresponds to its high-
energy absorption cross section for the observer located at infinity. In general, the absorption
cross section oscillates around a limiting constant value σlim for a spherically symmetric black
hole. σlim was found to be equal to the geometrical cross section of its photon sphere [35, 36],
while the fluctuations around the limiting value were also studied in [37]. Since the shadow
measures the optical appearance of a black hole, it in fact is equal to the limiting constant
value of the high-energy absorption cross section. It is also natural to extended this result to
these rotating black holes. From Fig. 3(b), we see that the shadow is almost a circle even for
a near extremal black hole. Therefore, the limiting constant value σlim can be approximately
expressed as
σlim ≈ piR2s. (4.9)
With the help of σlim, the energy emission rate of the black hole in the high energy case reads
d2E(ω)
dωdt
=
2pi3R2s
eω/T − 1ω
3 (4.10)
with the Hawking temperature T =
r2+−a
2
4pir+(r2++2br++a
2)
. In Fig. 5, we show the energy emission
rate against the frequency ω for a = 0 and a = 0.4, respectively. From it, one can see that
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Figure 4. Contour plots of the observables Rs and δs in the plane (a, b). Rs is described by the full
lines with values 4.5, 5, 5.5, 6, 6.5, 7, and 7.5 from top to bottom. δs is described by the dashed lines
with values 0.002, 0.003, 0.006, 0.012, 0.024, 0.048, 0.096, and 0.192 from left to right. The light gray
zone represents naked singularities.
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Figure 5. Behaviors of the energy emission rate d
2
E(ω)
dωdt
for b =-2, -1.5, -1, -0.5, 0 , and 0.5 from top
to bottom. (a): a=0. (b): a=0.4.
there exists a peak of the energy emission rate for the black hole. When the dilaton parameter
b increases, the peak decreases and shifts to the low frequency.
5 Naked singularity shadow
The presence of naked singularities will lead to the violation of the cosmic censorship hy-
pothesis [38]. And near a singularity, physical laws or even GR will break down. Thus, naked
singularities are full of paradoxes. However, in such case, one could think that the central
singularity is replaced by some high curvature region due to some quantum gravity effects.
On the other hand, this hypothesis has so far not yet been proven, so naked singularities
may exist in nature. Therefore, it is worth to study the naked singularity shadow and we
will study it briefly in this section.
From Eq. (2.6), it is easy to get that, when 1−a < b < 1+a (range of light grey in Fig.
1), the horizon will fade out, and a naked singularity appears at the origin. Thus, the shadow
– 9 –
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Figure 6. Shadows of naked singularity with inclination angle θ0 = pi/2. (a) a = 0.5, b = 0.50001
(full line), 0.7 (dashed-dotted line), and 0.9 (dashed line). (b) a = 1.2, b = −0.19999 (full line), 0.1
(dashed-dotted line), and 0.3 (dashed line).
of a naked singularity will be very different from that of a black hole one. As pointed out in
[26], for a nonrotating naked singularity, the shadow contains two parts, a dark circumference
and a dark point at the center, which correspond to the photon sphere and the singularity.
And other zone inside the dark circumference is not dark, which is because that the photons
near both sides of the circumference will come back to the observer due to the nonexistence
of the horizon. And, for a rotating naked singularity, instead of a dark circumference, there
is an open arc caused by the unstable spherical photon orbits with a positive radius. The
finishing points of the arc (αl,±βl) can be obtained form Eqs. (4.1) and (4.2). If the observer
is above the equatorial plane, he or she will see a dark spot due to the unstable spherical
photon orbits with a negative radius. And if the observer is on the equatorial plane, the dark
spot will shrink to a dark point with a straight line connecting it and the dark arc. In realistic
observation, the neighborhood of the open-arc should be darkened. Thus, the shadow may
appear as a dark “lunate”. In the following, we will study the shadow of an EMDA naked
singularity. With constructing new observables, we will discuss how to determine the spin
parameter a and dilaton parameter b for a naked singularity when the observer is located in
the equatorial plane.
In Fig. 6, we show the shadows of the rotating EMDA naked singularity with inclination
angle θ0 = pi/2 for a = 0.5 and 1.2, respectively. Form these figures, we clear see that the
shadow is a dark arc plus a dark line which connects the arc and the dark point. And it is
obvious that the arc of the shadow tends to closed for small dilaton parameter b and tends
to open for large value of b. The radius of the shadow is also found to increase with the spin
a.
As mentioned above, the shadow of a rotating naked singularity, which consists of a
dark arc and a dark spot or a dark straight line, is very different from a rotating black hole
one. So, the two observables defined in Eqs. (4.6) and (4.7) are no longer valid for this case.
However, another two new observables [26] can be adopted to describe the shadow of a naked
singularity. The first one is the radius Ra defined as the radius of the circumference passing
– 10 –
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Figure 7. Behaviors of observables Ra and ϕa as function of the parameter b. The spin is set to
a=0.5 (full line), 0.6 (dashed-dotted line), 0.8 (dashed line), and 1.2 (dotted line).
by the middle point (αr, 0) and the two points (αl,±βl), where the arc stops:
Ra =
(αl − αr)2 + β2l
2(αr − αl)
, (5.1)
and the other one is ϕa, defined by the angle subtended by the arc, seen from the center of
the circumference used to define Ra,
ϕa = 2arctan
(
βl
αl +Ra − αr
)
. (5.2)
The behavior of the observable Ra is shown in Fig. 7(a) as a function of the dilaton parameter
b for several values of the spin a of the naked singularity: a=0.5 (full line), 0.6 (dashed-dotted
line), 0.8 (dashed line), and 1.2 (dotted line). For different vales of the spin a, the behavior
is similar. As the dilaton parameter b increases, Ra has a sudden increase to its maximum,
and then monotonically decreases with b. As pointed out in Ref. [28], the initial growth is
related to the particular shape of the circumference of reference. And the decrease ends when
the arc is generated. For a fixed value of the dilaton parameter b, the radius Ra increases
with the spin a. The angle ϕa subtended by the end points of the shadow, measured from
the center of the circumference of reference, is presented in Fig. 7(b) as a function of b for
a=0.5, 0.6, 0.8, and 1.2, respectively. These curves are monotonically decreases with b, and
all values of ϕa are limited in the range (0, 2pi). We can also find that all these curves have
an approximate intersection at b = 1.05. For fixed b ≤ 1.05, the angle decreases with the
spin a, while for b ≥ 1.05, it has an opposite behavior.
6 Discussion
In this paper, we study the shadow of the rotating EMDA black hole. With the help of
the null geodesic, the celestial coordinates α and β are obtained with the suppositions that
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the black hole is situated at the origin of coordinate and the observer is located in the
equatorial plane (θ0 = pi/2). Then the visualization of black hole shadow is plotted in this
celestial coordinates. Through constructing two observables Rs and δs, that one describes
the approximate size of the black hole shadow and another measures its deformation, the
shadow is examined in detail for the different values of the dilaton parameter b and spin a.
The results show that, for a fixed value of the spin a, the size of the shadow described by Rs
decreases with the dilaton parameter b. It is also found to be larger than that of Kerr case
for the negative value of b and smaller for positive value. The observable δs monotonically
increases with the dilaton parameter b and takes its maximal when the black hole approaches
to the extremal case. For a fixed value of b, the larger value of spin a is, the more the shadow
distorts. The standard contour curves of constant Rs and δs in the plane (a, b) are shown in
Fig. 4. With the observations of Rs and δs, we are allowed to read out the spin a and dilaton
parameter b of the black hole from this figure. Based on the assumption that the area of the
black hole shadow equals to the high-energy absorption cross section, we express the energy
emission rate with Rs. From the behavior of energy emission rate, we find that when the
dilaton parameter b increases, the peak decreases and shifts to the low frequency.
We also study the shadow of the EMDA naked singularities. The results are similar
to the Kerr naked singularities [26], where the shadow has two parts, the dark arc and the
dark spot or the straight line. Since the arc is one-dimensional, it is hard to observe with
astronomical instruments. However, the neighborhood of the arc, in a realistic scenario, will
also be darkened. Then, instead of a dark arc, there may be a dark “lunate” shadow, and
it is more easily observed for the large value of ϕa. Therefore, we still have opportunities
to observe the shadow of the naked singularities in spite of the difficulty from astronomical
observations in the future. The observables Ra and ϕa proposed in [26] are calculated for
the shadow of the naked singularities.
a = 0 a = 0.8 a = 1.2
b=-2 b=-0.5 b=0 b=-2 b=-0.5 b=0 b=-2 b=-1 b=-0.5
Rs(µas) 7.816 5.984 5.196 7.816 5.984 5.198 7.817 6.661 5.986
δs(%) 0 0 0 0.7 3.5 9.5 1.6 4.4 9.4
θs(µas) 39.972 30.600 26.573 39.972 30.603 26.582 39.973 34.064 30.611
Table 2. The observables Rs, δs, and the angular radius θs for the supermassive black hole Sgr A
∗
at the center of the Milky Way.
For a approximatively estimation, the angular radius of the shadow can be calculated
by using the observable Rs as θs = RsM/DO with DO the distance between the observer and
the black hole. For an arbitrary black hole of mass M and distance DO from the observer,
the angular radius can be expressed as θs = 9.87098 × 10−6Rs(M/M⊙)(1kpc/DO)µas [28]
with M⊙ the mass of the sun. For an example, we consider the supermassive black hole
Sgr A∗ located at the Galactic center. Its mass is estimated to be M = 4.3 × 106M⊙.
Setting the observer on the earth lying in the equatorial plane of the black hole, then the
distance DO = 8.3 kpc [39]. Thus, the observables Rs, δs, and the angular radius θs are
obtained and shown in Table 2. According to the result, the resolution of 1 µas will be
enough to extract the information of the dilaton parameter b from further observations,
while for the spin a, the resolution of less than 1 µas is needed. These are out of the capacity
of the current astronomical observations but can be likely to be observed with the Event
Horizon Telescope at wavelengths around 1mm based on VLBI, and with the space-based
– 12 –
radio telescopes RadioAstron [33, 34].
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